Symmetry, Integrability and Geometry: Methods and Applications 



SIGIVIA 4 (2008), 066, 13 pages 



> 



Hochschild Cohomology Theories 
in White Noise AnalysisH 

Remi LEANDRE 

Institut de Mathematiques de Bourgogne, Universite de Bourgogne, 21000, Dijon, France 
E-mail: Remi.leandre@u-bourgogne.fr 

Received June 18, 2008, in final form September 08, 2008; Published online September 27, 2008 



OO ' Original article is available at http://www.emis.de/journals/SIGMA/2008/066/ 

o . 

psj , Abstract. We show that the continuous Hochschild cohomology and the differential Hoch- 

Q^' schild cohomology of the Hida test algebra endowed with the normalized Wick product are 

(]J , the same. 

, Key words: white noise analysis; Hochschild cohomology 

; 2000 Mathematics Subject Classification: 53D55; 60H40 



O^. 1 Introduction 



Hochschild cohomology is a basic tool in the deformation theory of algebras. Gerstenhaber has 
remarked that in his seminal work (we refer to [15] and references therein for that). Deformation 
quantization [2l [3] in quantum field theory leads to some important problems [TOl [TTl [HI [IQ] . 
Motivated by that, Dito [12] has defined the Moyal product on a Hilbert space. It is easier to 
work with models of stochastic analysis although they are similar to models of quantum field. 
' In order to illustrate the difference between these two theories, we refer to: 

o\ ' ^ 

■ • The paper on Dirichlet forms in infinite dimensions of Albeverio-Hoegh-Krohn [1] which 

, used measures on the space of distributions, the traditional space of quantum field theory. 

. • The seminal paper of Malliavin [28] which used the traditional Brownian motion and the 

OO ! space of continuous functions as a topological space. This allows Malliavin to introduce 

' stochastic differential equations in infinite-dimensional analysis, and to interpret some 

traditional tools of quantum field theory in stochastic analysis. 

^ I This remark lead Dito and Leandre [13j to construct of the Moyal product on the Malliavin 

[ test algebra on the Wiener space. 

It is very classical in theoretical physics [^ that the vacuum expectation of some operator 
algebras on some Hilbert space is formally represented by formal path integrals on the fields. 
In the case of infinite-dimensional Gaussian measure, this isomorphism is mathematically well 
established and is called the Wiener-Ito-Segal isomorphism between the Bosonic Fock space 
and the of a Gaussian measure. The operator algebra is the algebra of annihilation and 
creation operators with the classical commutation relations. In the case of the classical Brownian 
motion Bt on M, Bf is identified with At + A^ where At is the annihilation operator associated 
to l[o.t] and A^ the associated creation operator. 

Let us give some details on this identification [31]. Let H be the Hilbert space of maps 
from into M. We consider the symmetric tensor product i^®" of H. It can be realized as 
the set of maps /i" from (M+)" into M such that /(ig+)n • • • , Sn)\'^dsi ■ ■ ■ dsn = < oo. 

Moreover these maps /i"(si, . . . , s„) are symmetric in (si, . . . , s„). The symmetric Fock space Wq 
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coincides with the set of formal series ^ /i"" such that ^n!||/i"|p < oo. The annihilation opera- 
tors At and the creation operators are densely defined on Wq, mutually adjoint and therefore 
closable. To /i" we associate the multiple Wiener chaos I^{h^) 

I-(/i-)= / hJ'{si,...,Sn)5B,,---5B,^, 

J(R+)" 

where s — > is the classical Brownian motion on M. i?rfp[|/"(/i")^|]for the law of the Brownian 
motion dP is n!||/i"|p. I^{h^) and are mutually orthogonal on Lp'{dP). If F belongs 

to L?'{dP), F can be written in a unique way F = ^ I'^{h^) where ^ h"" belongs to the symmetric 
Fock space Wq. This identification, called chaotic decomposition of Wiener functionals, realizes 
an isometry between L?'{dP) and the symmetric Fock space. Bt can be assimilated to the densely 
defined closable operator on L?'{dP) 

F ^ BtF. 

This operator is nothing else but the operator At + A^ on the symmetric Fock space. 

White noise analysis [18] is concerned with the time derivative of Bt (the white noise) as 
a distribution (an element of W-oo) acting on some weighted Fock space W-c^ (we refer to 
[H [T9l [35] for textbooks on white noise analysis). Let us recall namely that the Brownian 
motion is only continuous! The theory of Hida distribution leads to new insight in stochastic 
analysis. 

One of the main points of interest in the white noise analysis is that we can compute the 
elements of L{Woo-, W-^o) [201 [HI [35] in terms of kernels. We refer to [H] [271 [29] for a weU 
established theory of kernels on the Fock space. This theory was motivated by the heuristic 
constructions of quantum field theory [5l [TH [T7]. Elements of LiWoo-, W-oo) can be computed 
in a sum of multiple integrals of the elementary creation and annihilation operators. 

This theorem plays the same role as the theorem of Pinczon [371 138] : the operators acting on 
C(xi, . . . ,Xrf), the complex polynomial algebra on M"^, are series of differential operators with 
polynomial components. This theorem of Pinczon allowed Nadaud [32^ [33] to show that the 
continuous Hochschild cohomology on C°°(M'^) is equal to the differential Hochschild cohomology 
of the same algebra (we refer to papers of Connes [8] and Pflaum [36] for other proofs). 

In the framework of white noise analysis we have an analogous theorem to the theorem of 
Pinczon [37]. Therefore we can repeat in this framework the proof of Nadaud. We show that the 
continuous Hochschild cohomology [22] of the Hida Fock space (we consider series of kernels) is 
equal to the differential Hochschild cohomology (we consider finite sums of kernels) . 

In the first part of this work, we recall the theorem of Obata which computes the operators 
on the Hida Fock space: Obata considers standard creation operators and standard annihilation 
operators. We extend this theorem in the second part to continuous multilinear operators on 
the Hida algebra, endowed with the normalized Wick product. This Hida test algebra was used 
by Leandre [23^ [21] in order to define some star products in white noise analysis. 

We refer to the review paper of Leandre for deformation quantization in infinite-dimensional 
analysis [25] . 

2 A brief review on Obata's theorem 

We consider the Hilbert space H = L^(M, dt). We consider the operator A = 1 + — d"^ /dt^ . It 
has eigenvalues /ij = (2j + 2) associated to the normalized eigenvectors ej, j > 0. We consider 
the Hilbert space H/^ of series f = J2 ^j^j such that 

ii/iil = Ei^^-iVf <oo. 
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It is the Sobolev space associated to A^. Since fij > 1, Hk ^ Hj.' if A; > k' , and the system 
of Sobolev norms || • \\k increases when k increases. Therefore we can define the test functional 
space Hoo- of functions / such that all norms < oo. A functional F with values in this 

space is continuous if and only if it is continuous for all Sobolev norms || ■ ||fc, k > 0, 

The topological dual of i^oo- is the space of Schwartz distributions: 

a is called a distribution if the following condition holds: let / be in Hoo- For some A: > 0, there 
exists Ck such that for all / S H^o^, Ko", /)| < Cjfc||/|[A,. Therefore we get a Gel'fand triple 

We complexify all these spaces (We take the same notation). It is important to complexify these 
spaces to apply Potthoff-Streit theorem [39] . 

Let A = ((ii,ri), . . . , {in-,fn)) where ii < 12 < • • • < in and > 0. We put 

\A\ = Y.^i (1) 

and 

where we consider a normalized symmetric tensor product. We introduce the Hida weight 
II All = Yl (2ij+2p. 

We consider the weighted Fock space Wk of series 

</> = ^ A^eA 
A 

such that 



Mk = ^\XA\^\\Af''\A\\<oo 



(Aa is complex). These systems of norms increase when k increases. 
We consider 

Woo- = nk>oWk 

endowed with the projective topology and its topological dual (called the space of Hida distri- 
butions) 

M^_oo = Ufc<oWfc 

endowed with the inductive topology. We get a Gel'fand triple 

Woo- ^Wo^ W^oo, 

Wq is the classical Fock space of quantum physics. 

We consider ^ e i^oo- and the classical coherent vector 

nGN 

(j)^ belongs to the Hida test functional space Woo-- 
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Definition 1. Let H belong to -L(VFoo-, W^-oo)- Its symbol is the function H from H^o- x i^oo- 
into C defined by 

If H belongs to L{Woo~, VF_oo), its symbol satisfies clearly the following properties: 

(Pi) For any Cii % G -f^oo-, the function 

(z, w) + ^2, wr]i + r/2) 

is an entire holomorphic function on C x C. 
(P2) There exists a constant K and a constant /c > such that 

|H(e,ry)p<A-exp[||e||l] exp[|M|i]. 

The converse of this theorem also holds. It is a result of Obata [3l] which generalizes the 
theorem of Potthoff-Streit characterizing distribution in white noise analysis [39] • If a function H 
from Hoo-xHoo- into C satisfies (Pi) and (P2), it is the symbol of an element of L{Woo-, W-oo)- 
Its continuity norms can be estimated in a universal way linearly in the data of (P2)- 

This characterization theorem allows Obata to show that an element H of L{Woo-,W-oo) 
can be decomposed into a sum 

l,m 

where Ei^miki,m) is defined by the following considerations. 

Let A be as given above ([I]). Let a* be the standard creation operator 

a*eA = c{ri)ej^i, 

where 

A' = ((ii,ri), . . . , {ii,ri), {i.n + 1), (i,+i,r;+i), . . . , (i„,r„)) 

if < i < iz+i- If i does not appear in we put rj = 1. We consider the standard annihilation 
operator defined 

ai^A = 

if i does not appear in A and equals to c'(rj)e^^ where 

= . . ,{iuri),{i,ri - 1), . . . , (i„, r„)). 

The constants c(rj) and c'(rj) are computed in [31]. Their choice is motivated by the use of 
Hermite polynomial on the associated Gaussian space by the Wiener-Ito-Segal isomorphism: the 
role of Hermite polynomial in infinite dimensions is played by the theory of chaos decomposition 
through the theory of multiple Wiener integrals. The annihilation operator corresponds to 
the stochastic derivative in the direction of Cj on the corresponding Wiener space. a| is its 
adjoint obtained by integrating by parts on the Wiener space. We consider the operator H/^j 
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It belongs to L(Woo~, W^oo) and its symbol is 
Therefore we can consider 

\I\=l,\J\=m 

where 

j]iA,,,pii/ir'=iijir'=<oo 

for some A; > 0. '^i^m = ^i,J^i defines an element of '^j j can be extended by 

linearty to 

^i,m{ki,m) belongs to L{Woo-, W-oo) if ki,m belongs to h^^'^\ This last space is Uk>oH^j}'^"'^ 
endowed with the inductive topology. Ei^mih,m) belongs to L{Woo-,Woo-) if ki^m belongs to 
(g) -ff?™. This means that there exists k such that for all k' 

Y.\xi,jmf\\j\\~'<oo 

for some k > 0. The symbol of "Ei^mi^i^m) satisfies 

Following the heuristic notation of quantum field theory [SJ El [TBI [13 [30] j the operator 
'^i,m{ki,m) can be written as 



'^l,m{k,m) = / k{si, . . . ,Si,ti, . . . ,tm)a*^ ■ ' ' Osi^ti ' ' ' (^t^dsi ■ ■ ■ (Isiclti ■ ■ ■ cltm- 

The "elementary" creation operators a* and the "elementary" annihilation operators at satisfy 
the canonical commutation relations 

[a*s,at] = [as, at] = 0, [a*s,at] = 6{s - t), 
where 5{-) is the Dirac function in 0. 



3 Fock expansion of continuous multilinear operators 

We are motivated in this work by the Hochschild cohomology in white noise analysis. For that, 
we require that TVoo- is an algebra. In order to be self-consistent we will take the model of [23] 
or |26]. 

We will take the normalized Wick product 
: eA-CB ■= eAuB, 

where Au B is obtained by concatenating the indices and adding the length of these when the 
same appears twice. 



6 



R. Leandre 



WcxD- is not the same space as before. We consider another Hida Fock space. Wk,c is the 
space of (j) = J2a "^a^a such that 



2 

k,C 



j;|AApC2|^lpf'=|A|! <oo. 



Wk^c can be identified with the Bosonic Fock space associated to the Hilbert Sobolev space 
associated to the operator CA^. Woo- is the intersection of Wk,c, k > 0, C > 0. This space is 
endowed with the projective topology. 

By a smah improvement of [23] and [26], we get: 



Theorem 1. W^o- is a topological algebra for the normalized Wick product. 
Proof. The only new ingredient in the proof of [24^ [26] is that 

\AUB\\ < 2l^l+l^l|A|!|5|!. 
Let us give some details. Let us consider 

= X] ^A^A, 4>^ = ^A^A- 
A A 

We have 

: (/»^ • (/)^ := ^//ACA, where ^ia = ^ >^b^d- 
A BUD=A 

There are at most 2'"^' terms in the previous sum. By Jensen inequality 

\^^A\'<c[^^ Y: \>^U'\M\'. 

BUD=A 

Therefore 

A BUD=A 

But 

P||2fc < ||^||2fc||^||2fc |A|! < 2l^l+l^l|S|!|i:'|! 

if the concatenation of B and D equals A. Therefore, for some Ci 



iCllV^^lli.CiC- 
A BUD=A 



This shows the result. ■ 

Let L(W^_,WoQ-) be the space of n-multilinear continuous applications from Woo- in- 
to Woo-. 

Definition 2. The symbol H of an element H of L{W^_, Woo~) is the map from x i?oo- 

into C defined by 

X X • • • X X r/ ^ (5(051, . . . , </)e), <p^)o = m\ • • • , r , r?). 
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E belongs to L{W^_, Woo-) if for any {k, C), there exists {ki,Ci, Ki) such that 

\\Eicp\...,r)\\k,c<K2llU'\\k„c,- 
If H belongs to L{W^_, VFqo-), its symbol satisfies clearly the following properties: 

(01) For any elements ^l, . . . , . . . , r/i, r/2 of H00-, the map 

{Zi,..., Zn, W) E{zi^l + • • • > Zn^l + ^2 > ^Tji + 772) 

is an entire holomorphic map from C" x C into C. 

(02) For all A; > 0, i^T > 0, there exists numbers C, ki > k, Ki > such that 



1=1 



We prove the converse of this result. It is a small improvement of the theorem of Ji and 
Obata [20]. 

Theorem 2. // a function E from C" x C into C satisfies to (Oi) and (O2), it is the symbol of 
an element E of L{W^_,Wqo-). The different modulus of continuity can be estimated in terms 
of the data in (O2). 



Proof. It is an adaptation of the proof of a result of Obata [M], the result which was generalizing 
Potthoff-Streit theorem. We omit all the details. This classical Potthoff-Streit theorem is the 
following. Let $ in W-00 be the topological dual of Woo~- We define its S'-transform as follows 

5(e) = («>,c/.^)o 

for ^ G H-oo- The S'-transform of $ satisfies the following properties: 

i) the function z S{zS^i + ^2) is entire holomorphic; 

ii) for some Ki > 0, K2 > and some /c € M 

Potthoff-Streit theorem states the opposite |20^ Lemma 3.2]: if a function S from H^o- into C 
satisfies i) and ii), it is the S'-transform of a distribution Moreover, there exists C depending 
only of K2 such that 



l$l 



-k-r,C 



for all 7' > 0. 

From this theorem, we deduce that there exists a distribution $^1^ ^^n-i ,^ such that 
Moreover there exists C independent of r^, . . . such that 

n-1 



\^e,-,^"-\v\\-ki-r,C < -^2exp 



KiJ2\\e\\l+KM 



=1 
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If (f) belongs to Woo- we put 

. . . = (%,...,e-^r,, 'A)o. 

We have for some K2 , C2, Ki, ki, k2 depending only on the previous datas that 

n-l 



\G4e,-..,e-\v)f<K2Ml,c,^^p 



Ki^\\e\\i+KM 



i=l 



The two properties (Oi) and (O2) are satisfied at the step n — 1. By induction, we deduce that 

G4e^•••,r-^r?) = H<^(e^...,r-^r?). 

Moreover, we get that 

where is an element of -L(W^~^, Woo-) depending linearly and continuously from (f) G Woo-- 
We put 



E{cP\...,<p^-\ 



It remains to prove the result for n = 1. It is a small improvement of the proof of the result of 
Ji and Obata [20]. Let us give some details. 

By using Potthoff-Streit theorem, we deduce that there is a distribution <I>^ such that 

Moreover there exists C independent of t] such that 

\\%\W_,^c < K2eMK\\v\tk] 
If (j) belongs to Woo-, we set 

We have 

|G^(??)P</^3||</'lL,c.exp[K||??f„,] 

for some k2 > 0. We apply Potthoff-Streit theorem (see [20^ Lemma 3.3]). There exists an 
element H(0) of Wk-r,c where A; > depending continuously of (j) such that 

G<^(r?) = (H(0),c/.^). 

We have clearly 

(H(05),0,)=H(^,7?). 

This shows the result. ■ 

The following statements follow closely [71 Appendix]. 

Let E be an element of L{W^_, Woo-)- Let H be its symbol. We put: 



i=l 
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Clearly ^' satisfies to (Oi) and (O2). We put 

■0(^1 , • • • , 2;^^ ,zl,..., 5 • • • ) ^1; • • • ) ^m„5 • • • 5 ""^z) 

= ^{zici + ■■■ + zi^c,,- ■ ■ , ^rer + • • • + c„c„, ^^im + • • • + mm) 

We put M = (mi, . . . , m^) and 



• • • ,^mi> • • • I'^l) • • • >6m„>^l> • • • 

1 



l\mi\ ■ ■ ■ run^. dzl ■ ■ ■ dz}^^ ■ ■ ■ dz^ ■ ■ ■ dzJ^^dwi ■ ■ ■ dw^ 



V(0,0,...,0). 



Kl,m is an / + ^ rrij multilinear map. 

Since ip is holomorphic, we have a Cauchy type representation of the considered expression 

Ki,m{^1, • • • , Cmi> • • • i^l) • • • ; ^m„> ^1) • • • ) ^0 



n rrij 



Ki,m{£,1i ■ ■ ■ ;Cmi; ■ ■ ■ : i ■ ■ ■ ; Cm„ ; ^1 ) ■ ■ ■ tVl] 



1 nn- 

. . . TTJ^I 11 11 Ott 



\dz- 



n 



\dwk\ 



'iPizh ■ ■ ■ ^ zl^,^ ■ ■ ■ 1 Zi , . . . , zl^^,wi, . . . ,Wl). 



We deduce from (0)2 a bound of Ki^m of the type (D.5) in [7] 



Ki,m{^i , • • • , Cmi > • • • 1 , • • • , £.m^,m, ■■■ ^m)] < 



c 



X exp 



exp 



2i 



for some ki > k and -fC, A; > and some Ki > 0. 
According to [71 (D.6)], we choose 



S 



■J II. ' ^ " c/ 



and we deduce a bound of Ki m in 



n 



(2) 



Clearly, Ki m is a multilinear application in tw^. By ([2|), Ki m is continuous. Therefore i^i,M 
can be identified with an element of H'^_ (g) H®'^'^\ We consider 



;,Af 



(e\...,r,r?) = K;,M(e\...,e\e',...,e',...,r,...,r,r/,...,r?), 



where is taken rrij times and r/ Z times. 
By holomorphy. 



^ exp 



.1=1 
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and the series converges in the sense of (Oi) and (02). Only the second statement presents some 
difficulties. We remark for that by [H page 557] (a(n) = 1, Ga{s) = exp[s]) 

inf expfsls-'^ < Cnln'^''. 

s>0 

We deduce a bound analog to the bound (D.7) in [7] 
1 



|2 ^ 



rrii 

m- 



x"" exp[— Dix^] has a bound in exp 

[-Cin]C"n"/2. If Di is large, C can be chosen very small 
and Ci very large. We deduce the following bound 



'-'LM 



|2 < (jlQT.m, 



exp 



.C^l -CiY, ^] [^2 ll^'H'i + ^ 



2\\m^k 



We remark if D2 is very large that C can be chosen very small and Ci can be chosen very large. 
We remark if Ci is large 



exp — Ci/ — Ci^^mjj < 



LM 



00 



in order to see that the series a/ converges in L(W^_,Woo-)- 

Definition 3. The series ^.^ H/^^f = H is called the Fock expansion of the element H belonging 
to L{W^_,Woo-). 

4 Isomorphism of Hochschild cohomology theories 

In this part, we prove the main theorem of this work. 
Lemma 1. If ^ belongs to H^o-, 

Proof. We put C = such that 

= ^ •••Ai„ei, (g)o---®oei„, 

where ®q denotes the traditional tensor product. By regrouping various element, we deduce 
that 



E 



^"■1 . . . 



i<l<---<ir; ni7^0,.--,'^r7^0; 
niH \-nr=n 



E 



^"•1 . . . yrir 



i<l< --<ir] nij^O,...,nrj^O; 
"iH \-nr=n 



. „. . „. .nr_. c .n 



This shows the result. 

Corollary 1. //^i G Hoo- o-nd if ^2 G 



6+6 
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Definition 4. Let E belong to L{W^_,Woo-)- Its Hochschild coboundary 6^ is defined as 
follows: 



+ j;(-l)*H(</.\ . . . , : <^^'+i) + (-1) 



i=l 



Classically = 0. 

Definition 5. We say that an element H of L{W^_,Woo-) is a homogeneous poly differential 
operator of order {I, m) if its symbol . . . , ry) is equal to 



(3) 



where ^' is a homogeneous polynomial in the ^* of degree m and in ij of degree L 



Proposition 1. If E is an r -poly differential operator of degree {l,m), 6'^E is an (r + l)-poly- 

differential operator of degree {l,m). 



Proof. Since : (htn 



- 0^i_|^^2, the only problem is to show that 
^'E{cP',...,^^-^'): 



is still a polydifferential operator of degree {l,m). 

Let rj € H^o- be such that ||7y||o = 1. Let us compute 



-+i),</'Ar,))o = ^(f ,...,r+\Ar/)exp 



r+l 



i=2 



If we compute the component of E{(p^2, . . . , (p^r+i) along ^-^^ it is the element of degree n in the 
expansion in A of the Since ^ is homogeneous of degree / in 77, the term of degree n in the 
expansion in A of ([3]) is 



r+l 
i=2 

n-l\ 



n—l 



-Q(e^...,^+^r/). 



Because the component of along is , this shows that the component of 

: 4>i:iE{(j)^2,. . . ,(p^r+i,Xr]) : 

along ^ is 



r+l 



ni+n2=n 

The result follows directly. 



ni—l 



r+l 



i=2 



im-iy. 



n2\ 



(n — ly. 



Definition 6. The continuous Hochschild cohomology H^^^^{Woo-,Woo-) of the Hida test al- 
gebra is the space Ker 5'^'/Im 5*""^, where the Hochschild coboundary acts on L{W^_,Woo-)- 
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We consider cochains which are finite sums of polydifferential operators of degree {l,m) € 
(N X N). We cah the space of polydifferential operators Ldif (^cx)-? ^oo-)- By the previous 
proposition, 5'' applies Ldif Woo-) into Ldif (VF^t!, VFoo-)- 

Definition 7. The differential Hochschild cohomology H^^f(Woo-,WoD~) of the Hida test al- 
gebra is the space Ker 6''' /lm.6^~^ where 6^ acts on Ldif (WXd_, VFoo-)- 

We get the main theorem of this work: 

Theorem 3. The differential Hochschild cohomology groups of the Hida test algebra are equal 
to the continuous Hochschild cohomology groups of the Hida test algebra. 

Proof. This comes from the Fock expansion of the previous part and from the following fact: 
if 53 is a polydifferential operator for a continuous cochain H, there exists a polydifferential 
operator Hi such that = SEi by Proposition 1. ■ 
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